Discrete Mathematics and Probabilistic Combinatorics (4 Hours)

Attempt TWO problems from each section.

Discrete Mathematics

Problem 1 i) State the In nite Ramsey Theorem.

ii) By adopting the proof of the In nite Ramsey Theorem or otherwise, prove the following
statement.

Let ¢ be a coloring of pairs of N = f1;2;:::g such that for every x 2 N the pairs x;yg with
y 2 N n fxg receive only nitely many colors. (The total number of colors may be in nite.)
Then there is an in nite set Y N such that either all pairs of Y receive the same color or for
every u;v;X;y 2 Y with u <v and x <y we have c(fu;vg) = c(fx;yg) if and only if X = u.

Problem 2 i) Carefully state the general (2-variable) version of the Exponential Formula.

ii) Let s(n; k) be the Stirling number of the rst kind, that is, the number of permutations of

as a separate cycle. Also, we agree that s(0;



Probabilistic Combinatorics

Problem 4 i) State Markov’s inequality.
ii) Let ext(G) be the largest k such that G has the k-extension property (that is, for any disjoint
A;B V(G) with JA[ Bj k there is a vertex x 2 V(G) n (A [ B) which is connected to
everything in A but to nothing in B). Prove that for the random graph G.;-o we have with
probability 1  o(1) that

ext(G) = (1 +o(1)) log, n:

iii) Prove that the vertices of every k-uniform hypergraph with less than 2K ! edges can be
colored with two colors so that no edge is monochromatic.

Problem 5 i) State and prove Chebyshev’s inequality.

i) Let Gp;p be the random graph with edge probability p and let the random variable X count
the number of isolated edges in Gn,p. Let n ¥ 1 and suppose that p = p(n) is a function of n
such that the expectation of X tends to in nity. Prove that X 100 with probability 1 o(1).

Problem 6 i) State the Lovasz Local Lemma (both versions). Show how the general version
implies the symmetric one.

ii) Let a graph G have maximum degreed 1 and let Vy;:::;V, V(G) be pairwise disjoint
sets, each of cardinality d2ede. Prove that G contains a stable set W which intersects every V;.
(Aset W V(G) is stable if it spans no edge in G.)



