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This test is closed book: no notes or other aids are permitted. You may use
without proof standard results from the syllabus which are independent of the
question asked, unless explicitly instructed otherwise. You must, however, clearly
state the result you are using.

1. Let X be a Hilbert space and let L 2 X’. Consider the function
f(x):=kxk?® L(x); x2X:
(a) Prove that there exists Yo 2 X such that
f(x) =kx yok® Kkyok?:

(b) Let C X be a nonempty closed and convex set. Prove that that exists a unique
Xg 2 C such that
f(xo) = ffggf(x):
2. Let Y be a Banach space.
(a) Let fyngn be a sequence in Y converging weakly. Prove that fy,gn is bounded.
(b) Let Y = L2([0;1]) and let ffhgn be a sequence converging weakly to f. Let

Prove that Fn and F are continuous and that F, ¥ F uniformly in [0; 1].

3. Let X be a Banach space. Prove that if X’ if reflexive, then X is reflexive.

4. Let X = C(][0; 1]) be the Banach space of all continuous functions f: [0;1] ¥ C, with
the sup norm. Define T 2 L(X) by

Find the spectrum (T).



