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Do four of the �ve problems. Indicate on the �rst page which problems you
have chosen to be graded. All problems carry the same weight.

1. Prove that [0; 1]N with the box topology is not compact. [Box topology on a product
is the smallest topology in which any product of open sets is open.]

2. Let (X; �) be a topological space and let f : X ! R. Show that f is lower semicon-
tinuous if and only if fx 2 X : f (x) � tg is closed for every t 2 R.

Recall that f : X ! R is lower semicontinuous at a point x0 2 X if either x0 is an
isolated point or x0 is an accumulation point (that is limit point) of X and

lim inf
x!x0

f (x) � f (x0) :

The function f is said to be lower semicontinuous if it is lower semicontinuous at
every point of X.

3. Let (X; �) be a compact Hausdor� space. Let p 2 X. Assume there exists a countable
family of open sets fUi : i 2 Ng such that \i2NUi = fpg. Prove that there exists a
countable local base at p.

4. Consider A = f�1=n : n = 1; 2; : : : g [ f0g. Let X = C(A;R) with dX(f; g) =
supx2A jf(x) � g(x)j. Let Y = l1(N). Show that the spaces X and Y are not
homeomorphic.

5. Let X = C([a; b];R) for some a < b.



(b) Show that for any p > 0 the metric dp generates the same topology on X as the
standard metric on X:

d(f; g) = max
t2[a;b]

jf(t)� g(t)j:

(c) Let h 2 X and K 2 C([a; b] � [a; b];R). Show that there exists unique f Xf(t and g ( t



6. Let ffngn=1;2;::: be a uniformly bounded, equicontinuous sequence of real-valued func-
tions on compact metric space (X; d). De�ne gn : X ! R by

gn(x) = maxff1(x); : : : ; fn(x)g:

Prove that the sequence fgngn=1;2;::: converges uniformly.

7. Let (X; �X) and (Y; �Y ) be topological spaces and let f : X ! Y be a mapping. Let
� = f(x; y) 2 X � Y : y = f(x)g be the graph of f

(i) Show that if Y is Hausdor� and f is continuous then � is closed in (X�Y; �X �
�Y ).

(ii) Assume X = Y . Show that if X is not Hausdor� then for the identity function,
f(x) = x for all x 2 X, the graph is not closed.


