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Do four of the flve problems. Indicate on the flrst page which problems you have
chosen to be graded. All problems carry the same weight.

1. State and prove Lebesgue’s monotone convergence theorem.

2. Let (X; M; „) be a flnite measure space and let fn, f : X ! R be measurable functions
such that ffng converges to f in measure. Prove that if „ is flnite and g : R ! R is a
continuous function, then fg – fng converges to g – f in measure.

3. Let (X; M; „) be a measure space, let 1 < p < 1 and let f; g 2 Lp (X). Prove that the
function

h (t) :=

Z

X

jf + tgjp d„; t 2 R;

is difierentiable at t = 0 and flnd h0 (0). What happens for p = 1?

4. Let ” : B (0; 1) ! [0; 1] be a measure flnite on compact sets and let „ be the Lebesgue
measure restricted to B (0; 1). Assume that ” ¿ „, that ” (B) = ” (aB) for every Borel
set B ‰ (0; 1) and for every a > 0, and that d”

d„ is a continuous function. Prove that
d”
d„ (x) = c

x for some constant c ‚ 0 and all x > 0.

5. Let „ : B ¡
RN

¢ ! [0; 1] be a measure flnite on compact sets, let 1 • p < 1 and let

f : RN ! R be such that [f ] 2 Lp
¡
RN

¢
. Prove that there exists a Borel set E ‰ RN ,

with „ (E) = 0, such that for every x 2 RN n E,

lim
r!0+

1

„
‡

B (x; r)
·

Z

B(x;r)

jf (y) ¡ f (x)jp d„ (y) = 0:


